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Abstract
We introduce and investigate the strong approximation property of Banach spaces which is strictly stronger than the approxima-
tion property and at least formally weaker than the weak bounded approximation property. Among others, we show that the weak
bounded approximation property is equivalent to a quantitative strengthening of the strong approximation property. Some recent
results on the approximation property of Banach spaces and their dual spaces are improved.
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1. Introduction
Let X and Y be Banach spaces. We denote by L(X,Y ) the Banach space of all bounded linear operators from X
to Y , and by F(X,Y ), K(X,Y ), andW(X,Y ) its subspaces of finite-rank, compact, and weakly compact operators.
Let IX denote the identity operator on X. If there exists a net (Sα) ⊂ F(X,X) such that Sα → IX uniformly on
compact subsets of X, then X is said to have the approximation property (AP). The AP was thoroughly studied by
Grothendieck [6]. Among others, he proved that a Banach space X has the AP if and only if K(Y,X) = F(Y,X) for
every Banach space Y (see, e.g., [12, p. 32]). Grothendieck [6] also discovered that if one reverses the roles of X and Y ,
then one obtains a similar criterion of the AP for the dual space: X∗ has the AP if and only if K(X,Y ) =F(X,Y ) for
every Banach space Y (see, e.g., [12, p. 33]).
In [9,10,15], the AP of X and X∗ was characterized in terms of the approximability of operators in the strong
operator topology. Here the same phenomenon occurs: the AP of X characterizes through the approximability of
operators with values in X, and the AP of X∗ characterizes through the approximability of operators from X. For
instance, the following result was proven.
Theorem 1.1. (See [10, Theorem 3.1], [15, proof of Theorem 2 and Theorem 5].) Let X be a Banach space. The
following three assertions are equivalent.
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(b) For every Banach space Y and for every operator T ∈W(Y,X), there exists a net (Tα) ⊂ F(Y,X) such that
supα‖Tα‖ ‖T ‖ and T ∗α → T ∗ in the strong operator topology.
(c) For every separable reflexive Banach space Z and for every operator T ∈ K(Z,X), there exists a bounded net
(Tα) ⊂F(Z,X) such that Tα → T in the strong operator topology.
The following two assertions are equivalent.
(a∗) X∗ has the AP.
(b∗) For every Banach space Y and for every operator T ∈W(X,Y ), there exists a net (Tα) ⊂ F(X,Y ) such that
supα‖Tα‖ ‖T ‖ and T ∗α → T ∗ in the strong operator topology.
Here (b∗) has been obtained by reversing the roles of X and Y in condition (b). Reversing the roles of X and Y
in (c) yields the following condition.
(c∗) For every separable reflexive Banach space Z and for every operator T ∈K(X,Z), there exists a bounded net
(Tα) ⊂F(X,Z) such that Tαx → T x for all x ∈ X.
We shall say that a Banach space X has the strong approximation property (strong AP) provided condition (c∗)
holds.
In Section 2, we prove that the strong AP of X lies strictly between the approximation properties of X and X∗.
Relying on a fundamental result of Grothendieck and Reinov, we show among others that the strong AP and the AP
for X are equivalent whenever X is complemented in its bidual X∗∗.
On the other hand, being strictly stronger than the AP, the strong AP is (at least formally) weaker than the bounded
approximation property (BAP) (the definition is recalled in Section 3). We conjecture that it is strictly weaker. If the
strong AP and the BAP were equivalent, then the AP of the dual space X∗ of a Banach space X would imply the BAP
of X∗. Recall that this is a long-standing famous open problem.
Problem 1.2. (See, e.g., [1, p. 289].) Does the AP of the dual space X∗ of a Banach space X imply the BAP or even
the metric AP of X∗?
The strong AP is even (at least formally) weaker than the weak BAP, a recent concept introduced and studied
in [11]. We show (see Theorem 3.6 in Section 3) that the weak BAP is actually equivalent to a natural quantita-
tive strengthening of the strong AP. This result is proven in Section 4 relying on a lemma on finite-rank operators
of special form (Lemma 4.2). This lemma complements the famous Davis–Figiel–Johnson–Pełczyn´ski factorization
lemma [2]. As application, among others, some results on the AP of Banach spaces and their dual spaces from [10,15]
(in particular, Theorem 1.1 above) are improved.
Our notation is standard. We consider normed linear spaces (Banach spaces) over the same field of real or complex
numbers. In a linear normed space X, we denote BX(r) = {x ∈ X: ‖x‖ r} and BX = BX(1). The closure of a set
A ⊂ X is denoted by A. A Banach space X will always be regarded as a subspace of its bidual X∗∗ under the canonical
embedding.
2. The strong approximation property and the approximation property
It is well known that the AP of a Banach space X follows from the AP of its dual space X∗. Our first result asserts
that the strong AP of X lies strictly between the AP of X and the AP of X∗. We retain the notation of Section 1.
Theorem 2.1. Let X be a Banach space. Then
(a∗) ⇒ (c∗) ⇒ (a).
Neither of the two implications is reversible.
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(Tn) ⊂F(X,Z) such that ‖Tn − T ‖ → 0. In particular, (Tn) is bounded and Tnx → T x for all x ∈ X.
(c∗) ⇒ (a). We shall use that (a) is equivalent to the following well-known condition due to Grothendieck [6] (see,
e.g., [12, p. 32]): for all sequences (xn) ⊂ X and (x∗n) ⊂ X∗ such that
∑∞
n=1 ‖xn‖‖x∗n‖ < ∞ and
∑∞
n=1 x∗n(x)xn = 0,
whenever x ∈ X, one has ∑∞n=1 x∗n(xn) = 0.
Let (xn) ⊂ X and (x∗n) ⊂ X∗ satisfy
∑∞
n=1 ‖xn‖‖x∗n‖ < ∞. Assume that
∑∞
n=1 x∗n(x)xn = 0 for all x ∈ X. We
clearly may assume that x∗n → 0, supn‖x∗n‖  1, and
∑∞
n=1 ‖xn‖ < ∞. Denote by K the closed absolutely convex
hull in X∗ of the compact set {0, x∗1 , x∗2 , . . .}. Since K is a compact absolutely convex subset of BX∗ , by the isometric
version of the Davis–Figiel–Johnson–Pełczyn´ski factorization lemma [2] due to [9], there exists a separable reflexive
Banach space Z, which is a linear subspace of X∗, such that the identity embedding J : Z → X∗ is compact and
‖J‖ 1. Moreover, {x∗1 , x∗2 , . . .} ⊂ J (BZ) and Z∗ = J ∗(X∗∗).
Notice that actually Z∗ = J ∗(X). Indeed, clearly, (J ∗|X)∗ = J . Hence
J ∗(X) = ranJ ∗|X = (kerJ )⊥ = {0}⊥ = Z∗
as desired.
Since X has the strong AP, for the operator J ∗|X ∈K(X,Z∗), there exists a net (Tα) ⊂ F(X,Z∗) such that M :=
supα‖Tα‖ < ∞ and Tαx → J ∗x for all x ∈ X.
For proving that
∑∞
n=1 x∗n(xn) = 0, let us fix an arbitrary  > 0. Choose N so that∑
n>N
‖xn‖ < 3(M + 1) . (2.1)
Let us also fix Tα so that∥∥Tαxn − J ∗xn∥∥< 3N , n = 1, . . . ,N. (2.2)
Let now zn ∈ BZ be such that Jzn = x∗n for all n. Notice that∣∣∣∣∣
∞∑
n=1
(Tαxn)(zn)
∣∣∣∣∣< 3 . (2.3)
In fact, Tα being of the form Tα =∑lk=1 ξ∗k ⊗ z∗k with ξ∗k ∈ BX∗ and z∗k ∈ Z∗, one has (notice that all the series below
converge absolutely)
∞∑
n=1
(Tαxn)(zn) =
∞∑
n=1
l∑
k=1
ξ∗k (xn)z∗k(zn) =
l∑
k=1
ξ∗k
( ∞∑
n=1
z∗k(zn)xn
)
. (2.4)
Let us fix z∗ := z∗k . Since Z∗ = J ∗(X), there is x ∈ X such that∥∥z∗ − J ∗x∥∥< 
3l
∑∞
n=1 ‖xn‖
.
Then ∥∥∥∥∥
∞∑
n=1
z∗(zn)xn
∥∥∥∥∥
∥∥∥∥∥
∞∑
n=1
(
z∗ − J ∗x)(zn)xn
∥∥∥∥∥+
∥∥∥∥∥
∞∑
n=1
(J zn)(x)xn
∥∥∥∥∥< 3l +
∥∥∥∥∥
∞∑
n=1
x∗n(x)xn
∥∥∥∥∥= 3l .
From this and (2.4), inequality (2.3) is obvious.
Finally, using (2.3), (2.2), and (2.1), we have∣∣∣∣∣
∞∑
n=1
x∗n(xn)
∣∣∣∣∣=
∣∣∣∣∣
∞∑
n=1
(J zn)(xn)
∣∣∣∣∣=
∣∣∣∣∣
∞∑
n=1
(
J ∗xn
)
(zn)
∣∣∣∣∣
∣∣∣∣∣
∞∑
n=1
(
Tαxn − J ∗xn
)
(zn)
∣∣∣∣∣+
∣∣∣∣∣
∞∑
n=1
(Tαxn)(zn)
∣∣∣∣∣
<
N∑
n=1
∥∥Tαxn − J ∗xn∥∥+ ∑
n>N
(‖Tα‖ + ∥∥J ∗∥∥)‖xn‖ + 3 < 3 + 3 + 3 = .
Hence,
∑∞
x∗n(xn) = 0, and X has the AP.n=1
410 E. Oja / J. Math. Anal. Appl. 338 (2008) 407–415(a)  (c∗). By Reinov [19], there exist a Banach space XR having the AP, a separable reflexive Banach space Z,
and T ∈K(XR,Z) such that, for any r > 0, the operator T cannot be uniformly approximated on compact subsets of
XR by operators from BF(XR,Z)(r). This contradicts (c∗), since the bounded net (Tα) given by (c∗) would converge
to T uniformly on compact subsets of XR .
(c∗)  (a∗). As noticed by Lindenstrauss [13] (see [12, p. 34]), there exists a Banach space X with a monotone
Schauder basis for which the dual space X∗ does not have the AP. If we denote by Pn ∈ F(X,X) the natural projec-
tions associated to the basis, then ‖Pn‖ = 1. Hence, for any Banach space Z and for any T ∈K(X,Z), it is clear that
the sequence (T Pn) is bounded and T Pnx → T x for all x ∈ X. Thus X has the strong AP. 
The AP and the strong AP are different properties, as we saw. The next result (Theorem 2.2) shows that they
coincide for Banach spaces which are complemented in their biduals. This result relies on a fundamental theorem that
was established by Reinov [18] modeling after the proof of [6, Chapter I, Theorem 15].
Let 1 λ < ∞. A Banach space X is said to be λ-complemented in its bidual X∗∗ if X is complemented in X∗∗
by a projection whose norm does not exceed λ.
We shall need the following notation. If A ⊂ L(X,Y ), then Aτ denotes its closure with respect to the topology τ
of uniform convergence on compact subsets of X. Recall (an easy fact from Grothendieck’s classics) that X has the
AP if and only if L(X,Y ) ⊂F(X,Y )τ for all Banach spaces Y . This is to compare with condition (iv) below.
Theorem 2.2. Let 1  λ < ∞ and let a Banach space X be λ-complemented in its bidual X∗∗. Then the following
four assertions are equivalent.
(i) X has the AP.
(ii) For every Banach space Y whose dual space Y ∗ has the Radon–Nikodým property and for every operator
T ∈ L(X,Y ), there exists a net (Tα) ⊂F(X,Y ) such that supα‖Tα‖ λ‖T ‖ and Tαx → T x for all x ∈ X.
(iii) X has the strong AP.
(iv) K(X,Z) ⊂F(X,Z)τ for all separable reflexive Banach spaces Z.
Proof. (i) ⇒ (ii). This immediately follows from [18, Theorem 4].
(ii) ⇒ (iii). This is obvious since reflexive spaces have the Radon–Nikodým property.
(iii) ⇒ (iv). This is obvious since the bounded net (Tα) converging pointwise to T , also converges in the topology τ .
(iv) ⇒ (iii). Consider T ∈K(X,Z). Since T ∈F(X,Z)τ and Z is reflexive, by [18, Theorem 4],
T ∈ BF(X,Z)
(
λ‖T ‖)τ .
This clearly gives the desired net (Tα).
(iii) ⇒ (i). This holds by Theorem 2.1. 
Let us spell out an immediate consequence of Theorem 2.2 and of Grothendieck’s result [6, Chapter I, p. 129]
(which also follows from the principle of local reflexivity) asserting that BX⊗Y is dense in BF(X∗,Y ) with respect to
the strong operator topology of L(X∗, Y ).
Corollary 2.3. Let X be a Banach space. Then the following assertions are equivalent.
(i) X∗ has the AP.
(ii) For every Banach space Y whose dual space Y ∗ has the Radon–Nikodým property and for every operator
T ∈ L(X∗, Y ), there exists a net (Tα) ⊂ X ⊗ Y such that supα‖Tα‖ ‖T ‖ and Tαx∗ → T x∗ for all x∗ ∈ X∗.
(iii) X∗ has the strong AP.
3. The strong approximation property and bounded approximation properties
Let 1  λ < ∞. Recall that a Banach space X is said to have the λ-bounded approximation property (λ-BAP) if
there exists a net (Sα) ⊂F(X,X) such that supα‖Sα‖ λ and Sα → IX uniformly on compact subsets of X. If X has
the λ-BAP for some λ, then X is said to have the bounded approximation property (BAP).
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Proposition 3.1. Let X be a Banach space and let 1 λ < ∞. Then X has the λ-BAP if and only if, for every Banach
space Y and for every operator T ∈ L(X,Y ), there exists a net (Tα) ⊂ F(X,Y ) such that supα‖Tα‖  λ‖T ‖ and
Tαx → T x for all x ∈ X.
Proof. For the “only if” part, it suffices to put Tα = T Sα . For the “if” part, it suffices to take Y = X and T = IX and
to recall that the pointwise convergence of a bounded net of operators implies the uniform convergence on compact
subsets. 
Proposition 3.1 clearly shows that the BAP implies the strong AP. We do not know whether the converse assertion
is true. The following is the main conjecture of this paper.
Conjecture 3.2. The strong AP does not imply the BAP.
Recall that, by an important result of Figiel and Johnson [3], the AP (which is strictly weaker than the strong AP,
see Theorem 2.1) does not imply the BAP.
Let us point out two facts that make difficult to prove Conjecture 3.2, that is, to construct a Banach space having
the strong AP but failing the BAP. First, the strong AP is not preserved under infinite direct sums in the sense of 2.
For instance, the Reinov space XR in [19], which fails the strong AP (see Theorem 2.1, (a)  (c∗)), is a countable
direct 2-sum of Banach spaces with Schauder bases (like the famous Figiel–Johnson example in [3]). Secondly,
it is improbable that one could use the celebrated James–Lindenstrauss construction [13] which has been one of
the main tools for making counterexamples in case of approximation properties. This construction enables to obtain
“pathological” dual spaces (see, e.g., [7], [16], or [20]). Since, for dual Banach spaces, the strong AP coincides with
the AP (see Corollary 2.3), this leads us to the long-standing famous open Problem 1.2 which we would prefer to
reformulate as follows.
Problem 3.3. (See, e.g., [1, p. 289].) Does there exist a Banach space X such that the dual space X∗ has the AP but
fails to have the BAP?
The following even more general question seems to be open.
Problem 3.4. Does there exist a Banach space X which is complemented in its bidual X∗∗ such that X has the AP but
fails to have the BAP?
If the answer to Problem 3.4 is affirmative, then, by Theorem 2.2, the Conjecture 3.2 is true.
Recently, the weak bounded approximation property was introduced and studied in [11]. Let 1 λ < ∞. Following
[11], we say that a Banach space X has the weak λ-bounded approximation property (weak λ-BAP) if for every Banach
space Y and for every operator T ∈W(X,Y ), there exists a net (Sα) ⊂ F(X,X) such that supα‖T Sα‖ λ‖T ‖ and
Sα → IX uniformly on compact subsets of X. We say that X has the weak bounded approximation property (weak
BAP) if X has the weak λ-BAP for some λ.
Obviously, the λ-BAP implies the weak λ-BAP. It was proven in [14] that the weak λ-bounded and the λ-bounded
approximation properties are equivalent for X whenever X∗ or X∗∗ has the Radon–Nikodým property. It is conjectured
in [11] that the weak bounded and the bounded approximation properties are, in general, different. If this conjecture
is true, then also Conjecture 3.2 is, because the weak BAP clearly implies the strong AP. On the other hand, we
conjecture the following, which would again imply that the Conjecture 3.2 is true.
Conjecture 3.5. The strong AP does not imply the weak BAP.
Our main result concerning Conjecture 3.5 asserts that a natural quantitative strengthening of the strong AP is
equivalent to the weak BAP.
412 E. Oja / J. Math. Anal. Appl. 338 (2008) 407–415Theorem 3.6. Let 1 λ < ∞. A Banach space X has the weak λ-BAP if and only if the following condition holds.
(c∗λ) For every separable reflexive Banach space Z and for every operator T ∈ K(X,Z), there exists a net (Tα) ⊂
F(X,Z) such that supα‖Tα‖ λ‖T ‖ and Tαx → T x for all x ∈ X.
Theorem 3.6 will be proven in the next Section 4 relying on a lemma on finite-rank operators of special form
(Lemma 4.2). We conclude this section with some applications of Theorem 3.6.
In view of Theorem 3.6, one can reformulate Conjecture 3.5 as follows.
Conjecture 3.7. There exists a Banach space X which satisfies (c∗) but fails (c∗λ) for any λ, 1 λ < ∞.
The next result is immediate from Theorem 3.6 and [14, Corollary 1] asserting that the weak λ-BAP and the λ-BAP
are equivalent in the special case below.
Corollary 3.8. Let X be a Banach space and let 1 λ < ∞. If X∗ or X∗∗ has the Radon–Nikodým property, then the
λ-BAP for X is equivalent to condition (c∗λ).
Thus, the Radon–Nikodým property in Corollary 3.8 enables us to strengthen (c∗λ) up to the condition in Proposi-
tion 3.1 replacing compact operators by bounded operators and separable reflexive spaces by arbitrary Banach spaces.
Corollary 3.8 applies, for instance, to closed subspaces of c0. In particular, the Johnson–Schechtman space (see
[8, Corollary JS]) XJS , which has the 8-BAP (see [4, Theorem VI.3 and its proof]) and does not have the 1-BAP,
fails (c∗1). The famous example of a Banach space XFJ which has the AP but fails the BAP due to Figiel and Johnson
[3] can be done with X∗FJ separable (see [3]). Therefore, by Corollary 3.8, XFJ fails (c∗λ) for any λ, 1 λ < ∞.
Condition (c∗λ) is the seemingly weakest from the known reformulations of the weak λ-BAP. This is useful if one
would like to establish the weak BAP of a Banach space. For instance, Theorem 3.6 enables us to give a new short
proof of the following result.
Corollary 3.9. (See [11, Corollary 3.3].) Let a Banach space X be λ-complemented in its bidual X∗∗. If X has the AP,
then X has the weak λ-BAP.
Proof. Let X have the AP. Then condition (ii) of Theorem 2.2 holds. But (c∗λ) is trivially its special case. By Theo-
rem 3.6, X has the weak λ-BAP. 
To complete the picture, let us close this section with pointing out an important case, when all approximation
properties considered above coincide.
Corollary 3.10. Let X be a Banach space and let 1  λ < ∞. If X is λ-complemented in its bidual X∗∗, and X or
X∗ has the Radon–Nikodým property, then the AP, the strong AP, the weak λ-BAP, and the λ-BAP are all equivalent
for X.
Proof. By [18, Theorem 4], in this special case, the AP implies the λ-BAP. 
4. A lemma on finite-rank operators of special form and its applications to approximation properties
Comparing the strong AP and the weak BAP of a Banach space X, we see that the finite-rank operators Tα ∈
F(X,Y ), which approximate T ∈K(X,Y ) in case of the strong AP, can be chosen to be of the special form T Sα with
Sα ∈F(X,X) in the presence of the weak BAP. We would like to show that in many important general situations it is
possible to represent (Tα) in the special form of (T Sα) or (SαT ) (with Sα ∈ F(Y,Y ) here). Firstly let us note that in
presence of the metric AP, i.e. the 1-BAP, this is possible thanks to the following fundamental lemma.
E. Oja / J. Math. Anal. Appl. 338 (2008) 407–415 413Lemma 4.1. (See, e.g., [17, 10.2.5, 10.2.6].) Let X and Y be Banach spaces, let T ∈F(X,Y ), and let  > 0.
(i) If Y has the metric AP, then there exists an operator S ∈F(Y,Y ) such that ‖S‖ 1 +  and T = ST .
(ii) If X∗ has the metric AP, then there exists an operator S ∈F(X,X) such that ‖S‖ 1 +  and T = T S.
We cannot use Lemma 4.1 because we do not have the metric AP available in our more general setting. Instead,
we shall rely on the following version of Lemma 4.1 which does not assume any approximation property at all. This
result complements the Davis–Figiel–Johnson–Pełczyn´ski factorization lemma [2] and also its quantitative version
due to [9], and might be of independent interest.
By the Davis–Figiel–Johnson–Pełczyn´ski factorization construction [2], we know that if V is a Banach space and
K is a weakly compact subset of V , then there exists a reflexive Banach space VK , which is a linear subspace of V ,
such that the identity embedding JK :VK → V is weakly compact. Below we shall use the same notation also in the
case of the quantitative version of the Davis–Figiel–Johnson–Pełczyn´ski construction from [9, Section 1].
Lemma 4.2. Let X and Y be Banach spaces and let V be a closed subspace of X∗. If K is a weakly compact subset
of V , then
BF(VK,Y ) ⊂ B{SJK : S∈X⊗Y }, (4.1)
the norm closure in L(VK,Y ).
Proof. Since we deal with the norm closure, it clearly suffices to prove that
F(VK,Y ) ⊂ {SJK : S ∈ X ⊗ Y }. (4.2)
Let j :V → X∗ denote the identity embedding. Since J := jJK is injective and (J ∗|X)∗ = J , we have, as in the
proof of (c∗) ⇒ (a) of Theorem 2.1,
V ∗K = J ∗K
(
j∗(X)
)
. (4.3)
To prove (4.2), let us fix T ∈ F(VK,Y ) and  > 0. Then T =∑nk=1 ϕk ⊗ yk with ϕk ∈ V ∗K and yk ∈ Y . We may
assume that
∑n
k=1 ‖yk‖ = 1. Using (4.3), choose xk ∈ X such that ‖ϕk − J ∗Kj∗xk‖ < . Put S =
∑n
k=1 xk ⊗ yk . Then
SJK =∑nk=1 J ∗Kj∗xk ⊗ yk and
‖T − SJK‖ =
∥∥∥∥∥
n∑
k=1
(
ϕk − J ∗Kj∗xk
)⊗ yk
∥∥∥∥∥
n∑
k=1
∥∥ϕk − J ∗Kj∗xk∥∥‖yk‖ < . 
Considering X ⊂ (X∗)∗, we immediately get the following result which is to compare with Lemma 4.1(i).
Corollary 4.3. Let X and Y be Banach spaces. If K is a weakly compact subset of X, then
BF(XK,Y ) ⊂ B{SJK : S∈F(X,Y )}.
The next result should be compared with Lemma 4.1(ii).
Corollary 4.4. Let X and Y be Banach spaces. If K is a weakly compact subset of X∗, then
BF(Y,Z) ⊂ B{JS: S∈F(Y,X)}
where Z = (X∗K)∗ and J = J ∗K |X .
Proof. If T ∈ F(Y,Z), then T ∗ ∈ F(X∗K,Y ∗) and, by Lemma 4.2, T ∗ can be approximated in norm with opera-
tors SJK with S ∈ X ⊗ Y ∗. Consequently, T = T ∗∗|Y can be approximated with operators JS with S ∈ Y ∗ ⊗ X =
F(Y,X). 
Our first application of Lemma 4.2 concerns conditions (b) and (b∗) (see Theorem 1.1).
414 E. Oja / J. Math. Anal. Appl. 338 (2008) 407–415Proposition 4.5. Let X be a Banach space. Then condition (b) (respectively, (b∗)) is equivalent to its strengthening
where the net (Tα) is replaced by a net (SαT ) (respectively, (T Sα)) with (Sα) ⊂F(X,X).
Proof. Assume that condition (b) holds. Let Y be a Banach space and let T ∈W(Y,X). We may clearly assume that
‖T ‖ = 1. Put K = T (BY ). Then K is a weakly compact subset of BX and we can apply the isometric version of the
Davis–Figiel–Johnson–Pełczyn´ski construction from [9]. We get that T factorizes through XK as T = JKt , where
t ∈ L(Y,XK) and ‖t‖ = ‖JK‖ = 1. Since JK ∈W(XK,X), by condition (b), there is a net (Tα) ⊂ F(XK,X) such
that supα‖Tα‖ ‖JK‖ = 1 and T ∗α x∗ → J ∗Kx∗ for all x∗ ∈ X∗. By Corollary 4.3, we may assume (by passing to the set
of indices (α, ), where  > 0, ordered in the natural way and choosing S(α,) ∈F(X,X) such that ‖S(α,)JK‖ 1 and
‖Tα − S(α,)JK‖ < ) that Tα = SαJK with some Sα ∈ F(X,X). Now we have SαT = SαJKt = Tαt and t∗T ∗α x∗ →
t∗J ∗Kx∗ = T ∗x∗ for all x∗ ∈ X∗. Hence supα‖SαT ‖ supα‖Tα‖‖t‖ 1 and (SαT )∗x∗ → T ∗x∗ for all x∗ ∈ X∗, as
desired.
Assuming that condition (b∗) holds, we proceed similarly to the above. Let Y be a Banach space and let T ∈
W(X,Y ) with ‖T ‖ = 1. Denoting K = T ∗(BY ∗) and factorizing T ∗ through X∗K as T ∗ = JKt with ‖t‖ = ‖JK‖ = 1,
we find, for J := J ∗K |X ∈W(X,Z), where Z = (X∗K)∗, a net (Tα) ⊂ F(X,Z) as in (b∗). Corollary 4.4 allows us to
assume without loss of generality that Tα = JSα for some Sα ∈F(X,X). But now (T Sα)∗ = S∗αJKt = T ∗α t , implying
that supα‖T Sα‖ 1 and (T Sα)∗y∗ = T ∗α ty∗ → J ∗ty∗ = T ∗y∗ for all y∗ ∈ Y ∗, as desired. 
Remark 4.1. Proposition 4.5 improves [10, Theorem 3.1] and [15, Theorem 5] strengthening respectively their con-
ditions (c) and (b∗1).
Similarly to Proposition 4.5, the strong AP can be reformulated in a seemingly stronger way.
Proposition 4.6. A Banach space X has the strong AP if and only if for every Banach space Y and for every operator
T ∈K(X,Y ), there exists a net (Sα) ⊂F(X,X) such that the net (T Sα) is bounded and T Sαx → T x for all x ∈ X.
Proof. Assume that X has the strong AP. Let Y be a Banach space and let T ∈ K(X,Y ) with ‖T ‖ = 1. Denoting
K = T ∗(BY ∗), we proceed as in the second part of the proof of Proposition 4.5. The only difference is that now
K is a compact subset of BX∗ , and therefore (see [9]) the reflexive space Z is separable and J ∈ K(X,Z) (since
JK is a compact operator). For J , choose a net (Tα) as in (c∗), the definition of the strong AP. As in the proof of
Proposition 4.5, we may assume without loss of generality that Tα = JSα for some Sα ∈ F(X,X) and therefore
(T Sα)
∗ = T ∗α t . This yields that supα‖T Sα‖ < ∞ and T Sαx = (T Sα)∗∗x = t∗Tαx → t∗Jx = T ∗∗x = T x for all
x ∈ X. 
By the above, we have essentially got a proof of Theorem 3.6.
Proof of Theorem 3.6. Let 1  λ < ∞ and let X be a Banach space satisfying condition (c∗λ). By the proof of
Proposition 4.6, condition (c∗λ) implies that for every Banach space Y and for every operator T ∈ K(X,Y ), there
exists a net (Sα) ⊂ F(X,X) such that supα‖T Sα‖  λ‖T ‖ and T Sαx → T x for all x ∈ X. But this condition is
equivalent to the weak λ-BAP of X (see [11, Theorem 2.4]).
Conversely, condition (c∗λ) immediately follows from the definition of the weak λ-BAP. 
Let us conclude with one more application of Lemma 4.2. Our final result complements and improves [10, Theo-
rem 3.2] giving the seemingly strongest known condition which is still equivalent to the AP of X∗.
If X is a closed subspace of a Banach space Y , then an operator ϕ ∈ L(X∗, Y ∗) is called a Hahn–Banach extension
operator if (ϕx∗)(x) = x∗(x) and ‖ϕx∗‖ = ‖x∗‖ for all x∗ ∈ X∗ and x ∈ X. The existence of ϕ means, according to
the terminology of [5], that X is an ideal in Y . For instance, every Banach space X is an ideal in X∗∗ (consider the
canonical embedding from X∗ to X∗∗∗).
Theorem 4.7. Let X be a Banach space. Then X∗ has the AP if and only if, for every Banach space Y containing
X as an ideal, for every Hahn–Banach extension operator ϕ ∈ L(X∗, Y ∗), for every Banach space Z, and for every
E. Oja / J. Math. Anal. Appl. 338 (2008) 407–415 415operator T ∈W(Z,Y ), there exists a net (Sα) ⊂ F(Y,X) such that supα‖SαT ‖  ‖T ‖ and T ∗S∗αx∗ → T ∗ϕx∗ for
all x∗ ∈ X∗.
Proof. Assume that X∗ has the AP. We start as in the proof of Proposition 4.5. Let T ∈W(Z,Y ) with ‖T ‖ = 1.
Denoting K = T (BZ), we factorize T through YK as T = JKt with ‖t‖ = ‖JK‖ = 1. By the proof of [10, Theo-
rem 3.2, (a) ⇒ (b)], there exists a net (Jα) ⊂F(YK,X) such that supα‖Jα‖ 1 and J ∗α x∗ → J ∗Kϕ∗x∗ for all x∗ ∈ X∗.
Corollary 4.3 allows us to assume without loss of generality that Jα = SαJK for some Sα ∈ F(Y,X). Now we have
SαT = SαJKt = Jαt . Hence, supα‖SαT ‖ 1 and T ∗S∗αx∗ = t∗J ∗α x∗ → t∗J ∗Kϕ∗x∗ = T ∗ϕ∗x∗ for all x∗ ∈ X∗.
The “if” part is obvious from [10, Theorem 3.2]. 
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